(P

R

o o . B Nk i il H“n. Wy 1
o i G s d s pat e e e L R L A
P T
AR AR SRR 3, T ? YRR AU A

ADL-779 401

MECHANICS AND THERMODYNAMICS OF
A MIXTURE OF A GRANULAR MATERIAL
WITH A FLUID

S. L. Passman

Wisconsin Universiwy

Prepared for:

Army Research Office-Durham

April 1974

DISTRIBUTED BY:

National Technical Information Service
U. S. DEPARTMENT JF COMMERCE
5285 Port Royal Road, Springfield Va. 2215

P teid




<o I ——c— " T T— v N

Unclasuified 1
) ; Moty Claasiiu ation AD~ 7 7 9 yO/ %
P DOCUMENT CONTROL DATA-R& D

(Socurity clasailicatien af 11l 8ady ol ARSIl Sk Ind@2 nl APABIniion must B¢ ontered whan the averall repert (a cinsailied)

' ONIGINATING ACTIVITY [ “papiedite auihor) 3. REPORT SCCURITY CLAIMFICATION
Mathematics Research Centrr Unclassified
University of Wisconsin, Madison, Wis. 53706 [* ‘“I:I‘;ne

3 ALPORY TITLE

MECHANICS AND THERMODYNAMICS OF A MIXTURE OF A GRANULAR
MATERIAL WITH A FLUID

3 ¢ OCICAIPTIVE NOTES (Trpe of ropert and Mctusive dites)
Summarx Report: no s?eciﬁc reporting period.
3 8 AUTHOA(B) (Firal meme, middle initial, Jnst noes)

S. L. Passman

« REFORT DATE Ta. TOTA %O0. OF PaSK. 6. NO. OF RZFS
April 1974 3l 3
8 CONTYRACT OR GRANTY NO

M. ORIGINATON'S REPORT Ay BERID

Contract No. DA-31-124-ARO-D-462

3. PRAOJIRCTY NO. 1391
. None

08, GTHER ARPORT NOIS) /Any other sumbore el ney be scolgned
MNie copset)

‘ None

19 DNITRIBUTION BTATEMENT

Distribution of this document is unlimited.

B NUPPLEMENTARY NOTES 2. SPONBCAING MILITARY ACTIVITY

None Army Research Office~-Durham, N.C.

15. ABSTRACY

Constitutive equations are postulated for a mixture of a granular
material and a fluid., Consequences of the entropy inequality, for both

linear and nonlinear censtitutive equations, are derived.

'9 : Hepradured by
3

NATIONAL TECHNICAL

INFORMATION SERVICE

1} § Dapartment af Commaren
Spongticld YA 22153

DD .V.1473 Unclassified
. Tocedty




THE UNIVERSITY OF WiSCONSIN~MADISON
MATHEMATICS RESEARCH CENTER

Contract No. DA-31-124-ARO-D-~462

MECHANICS AND THERMODYNAMICS OF A
MIXTURE OF A GRANULAR MATERIAL
WITH A FLUID

S. i.. Passman

This document has been approved for public
reiease and sale; its distribution is unlimited.

MRC Technica}l Summary Report #1391
Aprii 1974

Received August 31, 1973

i

Madison, Wisconsin 53706

L4 et B

SRR A S SR S bl

ik L A A B 08,

2 0 % A ot o i ) o L0 B g

1 N

oA



I i o Sttt MR s SR ittty el o
TR T T (P o s e ot et U it i it i

TR R T e

U AL

\ 'gﬂ,l];

UNIVERSITY OF WISCONSIN - MADISON
MATHEMATICS RESEARCH CENTER

MECHANICS AND THERMODYNAMICS OF A MIXTURE OF A GRANULAR
MATERIAL WiTH A FLUID

S. L. Passman

Techaical Summary Repcrt #1391

April 1974

ABSTRACT

Constitutive equations are postulated for a mixture of a granular

material and a fluid. Consequences of the entropy inequality, for hoth
linear and nonlinear cons;itutive equaticns, are derived.

Sponsored by the United States Army under Contract No. DA-.31-124-ARO-D-462.
[




MECHANICS AND THERMODYNAMICS OF A MIXTURE OF A
GRANULAR MATERIAL WITH A FLUID

S. L. Passman
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Introduction

In a previous work [ 1] balance equations for a mixture ~f an

arbitrary finite number of granular materials has been given; however,

no constitutive theory has been developed. In this work I consider the
i special case of two materials, one a granular material as defined by
Goodman and Cowin [ 2], the othar a viscous fluid. A constitutive theory
is postulated, and restrictions due to the entropy inequality are explored,
following closely the analysis of Muiler [ 3].

I use without further comment the equations and notations of { 1j.

Furthetmore, sections and equations herein are aumbered as if this work

3 were a cortinue’ion of | i].

8. Purther Analysis 2f the Enirogy nequality

Recall tite equaioas for balance of energy and entropy for the

3 mixture :

. ¢ r 3 . @ . 2
pé =triT grau ) + h* grad » + pko

(5.1)
+pgv tCivg +ps,
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where

ps=zgg+2g[%'%+!(v-;')]’ (5.3)
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Then

pr =Xp S

and

- .
o "
s A e it o Mo i b

ps =po + Zp[b e+ ut (v - 0)],
a a 8 ag

(5.7)

b

so that (5.1} becomes

it

A

A b

pt = tr(gT grad X) + h * grad ¥ + pfo':z + pg¥

L

(5.8)
+divg + po + Zg{g- g +i(i'~f')] .
a

x
There is for tie spesial case considered here a physical argument
indicating tha: this wsstumption is too strong.
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Eliminating poc between (5.8) and (5. 2) gives

pn 2 div ¢ + e[ pé - tr(:Tgrad %) - h. grad \.l-pk’:'z

-pgb-divg- Zpl[b- uttiv-9)]].
a G

g
¥ ca

By the lirear momentum balance for a constituent

- ~ 4
pheu=px+ u+pxceou-u-div
¢ aa

“P
@ a e @ @

23
Q194

also by the balance of equilibrated force (2. 21},

L N

~ * - > a [ ‘+ * . N ®
pl{v - v) = pk®{v - ¥) + pkv(v- ¥} + pkve(v-V) - (v-V)divh

e g saa g adaa aeeq g ] e
“~ . + ~ .
- pg(v-¥) - pv{v-v)
ag @ a a
Define
A T N .
$ =¢ - 9q + 3ZT u + IZh{v - v),
e q 31
s that
div ¢ :div§ +gegrad 9 + ¢ divg
T - . T
~-XTu-grad 9 - §Zy * div T - SE (T grad u)
P a o o a

- 2}3(;'-5) . grad 9- 0X{v -¥)div h -&h. grad(v-%) ,
a0 a o [ a
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skew parts of these are

o= 0
\!}-( 'sa is'lé).

Eliminating b and f from (5.9), and using {3.13) and (5.4}
8 a

gives, by use of (2, 25)

[
% . o, - - N ~
Py -pd >dive - 8] Zpx.u+ Zptkv + ky){v - ¥)]
ca @ Gaeg aa o
r T’ > .
+{g- 217y - Zh(>- ¥)]. grad o
8 a aa
I + 4 s,
+ 9pZ(m - cX)ou+ JpIv- ckv)(v- ) (5.15)
¢ aa @ a gae @
wl . T o T aw
- 8{tr(T” grad %) + Ztr(T" grad u) + Regrad ¥ + £h « gradiv-$3]
g a & b
ek Sy .
oaa
Define
G=grad x , (5.6}
the velocity gradiznt, and
G = grad x (5.17)
a a W
-

34
the peculiar velocity gracient <1 the « -th constituent. The s-,rmmetrié‘“’and
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1 T 1
Q :-é- (g + g ), W ::-é'
the stretching and spin, and
i T 1 T
13=;(§+§), W=21(G-G), (5.19)
a a @ g a @

the peculiar stretching and peculiar spin of the a-th constituent.

By (2.11)
grad y = G- G, (5.2C)
e @
and by (1.6) and (1.10)
pG =ZpG +Zu@ gradp, {5.21)
asa s a
so that
9Q=ng+%z{5®gradp+ gradp@ u) , (5.22)
aa [ e e e
and
pW=EpVJ+‘1‘ Zug@gradp-grad pgu ). (5.22)
~ ~ 2 ~ ~
aa e o ¢ a
By (2.19) and (2. 23)3 =T is symmetric, and by (2'25)1 T is
a
symmetric. Then by (5.18) - (5.2l),
-5
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o T

tr(g’T grad x) + tr(}"1 grad u)

a a
. T
=trTD - t(STD+ ST G
[ ¢ a
4 1 T
=wE-ZINZF D +> u@gradp) + ZUrI°G
a s P a e ¢
The gradient of {1.11) 5 is .
(grad pk)v + pk grad ¥ = T'(grad pk); +Zpk grad v , (5.24)
aa g Ga e
However, by (l1.11),
grad pk = Zgrad pk . {5.25)
aa
Substituting (5. 25) intc (5. 24). I obtain the result
pk grad v = = pk grad v+ p2d | grad{'pk)}(; -¥) . 5.26)
aa a ¢e a
Then
h- grad ¢ +=h+ grad(v - )
a e
=(h-Zh}« ged v+ Zhe grad v
a a a
(5.27)
=(h- EE) . '52—; " <pk grad v (;-QJgrad(pkj]
a §e ag ¢ Q aa
+Zhe grad v,
a Z
~6- #1391
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Substituting (5.23) and (5. 2"} into (5. 15),vields

3 . A - - S .
pn :ﬁ. -pdy >dive - I Zpx-u + Zlpkv » pkv){v-v)]
6 a cae «ea a
T ., .
+{g -ZT'u-Zh(v-v}] - grad ¢
G a aaq
+ 4 T T
+ 8p T(m-cx) * U+ dp T{v-ckv){v-¥)
a ¢ aca a
g3 @ ¢ (5. 28)
3 . T
~—t{I - ZTNHEpD + Zu @ gradp) - 8§ Zr TG
P a ag a a as
- —‘1}; (h - Zh) - [Zpk grad v + (v -¥)(grad pk)] - 5Th. grad v
P a ac a g aa a a
- -&(pfc;lz -Zpgv) .

6, Constitutive Equations for ¢ Special Two-Component Mixture

Although constitutive equations may be written for a general mixture and the
restrictions imposed on them by the entropy tneguality {5.15) may be found, the resulting
algebraic manipulations are quiie tedious. I consider here a special
two-component mixture, one component heing a granular materiai as

defined by Goodman and Cowin { 2], the other a fluid of compiexity 1. In

particuiar
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grad $, k, v, grad v, v} , (6.2;
2 ¢ ¢ a
Assume that each of the quantities
~ - +- ~ % .
¥,n, 9, ¢, T, m-cxg, C,E,V,g (6.3}
a O aa 4 o 2 ©

depends ¢n L. The material defined by this constitutive assumption wil

Py

be called a mixture of a granular medium with a2 fluid.

Constitutive equations are often assumed to be stbject to certain

restrictions, cre of which is called the "principle of frame-indifierence”.
A change of frame is defined by

¥ ‘* , . T
X =%, +Q -z, 99 =1,

N

~

%

pe

n

[ e
"

5
1]
¢

»

=
=]

[~
it
[«

This is 2 generalization cf the usual definition.
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Define
- . X ~ [N T . T
L ={p,p,Quaradp, X +Q(§-§o)+Q§’ Qoradx Q +QQ", 9,
& a a 8 a a

Q grad 9, k, v, Qgrad v, ;}.
2 a a a

Consider scalar-, vector-, and tensor-valued functions s(-]-’..-), )y(—f),

g(-f) . These functions are said to be frame-indifferent if
a
- —_
s(L ) =s(L),

w(@¥) = ow(T), (6.5)

= = T

1" = QIDQ"
a

I postulate that each of the quantities in (6. 3) is frame-indifferent. Then
by a familiar argument, dependence of these functions on L reduces to

dependence on L, where

£y P gradp, v, D, Q, 9, grad 9, k, v, grad v, vj, (6.6)
a

a a Q 2 0 a

L ={

the dependence on vectors is only through their inner products, and

8=W-W’ (607)
1 2
X-’;,S‘;..‘EE‘H' (6.8)
1 2 1 2

3
1

e i st d ekl
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Furthermore, representation theorems for (6. 3) as functions of L are known,

although quite complicated. In the special case where the dependence on

the vector and tensor variables in L is linear,

s(L) = s, (6.9)
wil) = Ewp araa p+ ng + W grad 3 + va grad v, (6.10)
a a a 8
s
I(L)=-pl +Z§ {trD)l +22q D, (6.11)
[ e ab b ab b
a
I(L) = -p2 , (6.12)
a
s a )
where T and T are the symmetric and skew parts of T, the summations
e e a
are over the two components, and the functions s, w_, W Wps W, P,
e c o
€ n,p are functions of £, where
ab ? ab
t={p_, P 9Kk, v, v} . (6.13)
a a 2 e @

I impose the restriction that L and £ do not in fact contain Po?

1
so that the first constituent is in fact a fluid, In addition, I assume that

c=o, (6.14)
a

thus excluding certain physical phenomena, including chemical reactions.

By (2.19), (2. 22)3, (5.19), (6.7) and some straightforward algebra,

‘it may be shown that

#1391
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T s s a 7
Z(I'G) =tr(ID+ ID+ IQ") .
¢ 11 22 1
Also, by (2. 23)2 and (6.8)
+
Zm-y= éi‘ Yo
a a ]

and by (2, 23)5

ZVW-b) =50 - 3,
o 11 2

By (1.6), (1.10), (2.11) and (6.8),

: PP
Tpxeu =—~t y. g,
@ @ P

It is easily sliown that

2% 4
"
(=X ¢ 4
+
2
R r=]
-

S0

ngo’g:Ep:x'oB'{'zpBo

Gu ,
ae a aa a aa Qg

L 4
=z‘p§02+29u092 ,
a8 a at aaq

or, by (6.18)

#1391

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)

=11~
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By a set of steps similar to those leading to (6. 21), it may be

shown that, for a two-constituent mixture of granular materials

~ N -

}’J(pkv + pkv}{v- V)
aaa agca Q
PP KK o o
12

= 2 kkv - kKkv](v-v) . (6.22)

120 122 1 2

However, in the special case k =0, by (L.11)

1
bev, (6.23)
2
and
£ (pkv + pkv)(v-¥) = 0 . (6.24)
aGa aaa @
By (6.14) - (6.17), (6.21) and (6.24), {5.28) becomes
3 PiP2
PN —'-pﬂq;>div¢ ~1‘)[—— ve¥ +Zpu. Duj
aa aa
T ~ + +~ .,
+[{g -ZT u - hiv- v)] - grad 9 + dpm- y + dpv(v-¥)
ca 11 1 i1
22 tr(T ET)(Z pD + Tu@ grad p)
P aa a
(6.25)
s ) ar
- s tr(fp + TR+ 1))
11 22 1

-9 -Zh)- grad; -d3Zh- grad;
a 2 a a

- s(pkv? - Tpav) .
aaa

T
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A result derived in a fashion aimilar to (6.19) is

;=b+g-gradp. (6,26)
e 6 6 a '

p=-u.gradp-ptrD . (6.27)
e a ¢C a g

From a familiar commutation formula,

'ad"(grad p) = grad p - G grad p . (6.28)
t = 3
a a a 3
Taking the gradient of (6.27) and using (5. 20) and (6. 28), yields
gelgrad p) = +G~ grad p - (grad grad.p)u ;

8 Q ( ca (6. 29) -

- {tr D)grad p -p grad(tr D) .
e s g [\

I note the following razult:

i, D e, 0 0 ot i NS Rl AT

s"=;-g*gmd\'. (6,30) E
6 2 & a i
By (6.27), (6.29) and {6, 30) then

wd e v
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b= -2 (y. gragp+ p tr D)

% 3 a a
a
o __
-z 3(grad p) | Q grad p + (grad grad p Ju

aa
a

+ (tr D)grad p + p grad(tr D)}
e a a a

+§l‘-ov+ztr'®- b+trms§+§3‘-a

ﬁ
4 &b 2
* a(arad 9) © at 9243+ ’;
2
4~2@-(;- u * grad v)
ov ~
e a a
A, .,
z d(grad v) dt (grad :) tz &v (grad v)
a a

It is obvious that the computation of div ¢ will involve gradients
of second-order tensors, which are third-order tenisors. Such quantities
are in general ill-adapted to the system of notation used here. I choose
& system of crthogonal Cartesian coordinates, and establish the notation
used in terms of components referred to these coordinates.

Let a be avectorand 4 be a tensor. Read the symbol “~"

as "has Cartesian components", so that

Then by definition

-14- #1391
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gradd ~

D,1 0

where the comma indicates partial differentiation, and

% .8y

85 aﬂjk
Define
~ a$
3¢ ds
tr(ag grad &) wjk ajk,i .

Note the identity

:l(D

2 ; -{D,, ,-Dy, .
15,k = Dkt Il)kj,i) i, ) ij,z)’

which will be abbreviated as

X . X
grad Q@ =(grad D) -~ (grad D) .
1 2

Differentiating (6. 30), gives

grad v = -q-grad v+ (grad grad v)u

dt

1] a L 31

(6, 34)

{6. 35}

{6.36)

Computing div § is now a straightforward task. By (6.35) and (6.36),

=
o
L
“)
.‘ -

i o

2000 500, I i 1

A LD K 0 LSS B el e L




"
d{grad p) grad grad g i 7 yrad v
a

A

+Ztr 2D grad % + t:x'-'2 (grad 1%) - trj“% (grad D)
a Lo

n
~ 2

" \ {6.37)
+ 2R,
Y grad 3 4+ tr;(‘g;ﬁﬁ grad grad 9
+ cgradk + X ogradV+EtrJ‘ :
3’; ; 8: ’ a(grad v) grad grad ;
. a
) d
rp 224
5 [dt grad : + (grad grad :)g] .
Note that, by (2.12)2, (6.1) and (6,14;
ok = -div(pku), (6.38)
. 222
so that
pk = -k div(py) - PU * grad k . (6.39)
2 &2 22 2 Y
By (6.23) and (6. 39},
c-2 ~2 N
pkv” = -kv* divipw) - pv2y - gradk . (6. 40}
22 22 22 2 2
Also
k=-usgradk. (6.41)
2 2 2 )

Substituting (6.33), (6.40) and (6. 41) into (6. 25) then yields

#1391
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0o x4 e 2 2 22
* 45930 + (Td)arp e + X peab ...mmﬁa ¢

LR ? L P v 22 2 3P ° -
+ [fi(a peib pRIB) + A PRIB) +a PRIL uu « {Ze - [fi(a pesd pab) + 4 vﬁunﬁl gz Ye -
T ze 11 ] o v d
Jmu,fau +mmv ¢ - 2 pes ® Xz + JI IR - Inc-
" ® s
11 - It 20
Tu..iwam‘_..a . Eu¢+¢~uo.a. —.?o:v& &H..—.No 51+
po oY - - d
[AQ .Td2 +4 . R Je -
Zgly
oD 0 o 0 © 0 o < N
P, a8 (s prib)e A€ xe
. (A pwib pead) +a peib— -2 + apsab peib I3 +apeib . 2 + X peidb . +
(2% °9) {f(ap pe1d) P u ﬂm % P |||.m|m|:|ll P mm maw
7 4 1 v i
(¢ mRIB)Q ¢e 8e - Be de
¢ peath puid . T +epwab « 2+ (I peab) 1 - .Q pezd) n +q prib nzT +
PRRPE T TR T % % k3
0 <
~ o] 0 mw (o)
; d d
A peid A€ 4 d pwib prib 2 p-ib)e 132 +9d peib . e z + °d peib - =8
e %e e ¥e
v ° hd ) 4
1) . o © o
< ..cw.m. M%.N,_.;vtsmwm.huﬁllgmﬂ+?vem.mvavmﬂwnw+
ap
< ]
N N ~ o] P
= 36 ip (e prib)e 8 ~ (e Ae
hw . Aﬂ - hw L]
ATt PRI T T Hrlmnrdnnst g

4

~ 6949 ma 8(8 peld peib g Euw_ Euﬂoz & u 3 paib %) 28 7 jed - S ud
[(& 13)pRab d + d pead( 1) +T(d pead peid) + I p —— 2" Qb prib - ) prZ-Jed - &
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A thermodynamic process is defined ina fashicn similar to that for a conven-

tional continuum,. Eachbalance law with the exception of the one for mass contains

one term which may be adjusted arbitrarily, and there exists at least one

' thermodynamic process in which ¥, D, grad D, 2, grad Py |
4 . e 8 3
. d 4 A‘ i
grad grad g , 9, at grad 4, grad grad 9, dt Y, dt ——grad : gzad grad : 3
b and grad )zc may be chosen arbitrarily and mdependently of any
* &
cther term in the inequality, This implies the following results ¢ - § 5
. a. ¢ is independent of D, @, grad 3, v ,
a
5 op “ (6.43)
. e
S ey 2~ ;
) A. =] ot p
, sc that
B Aah g = 4’1(90) P; grad p, 8, k, v, grad v)+ E PR - X (6.44) ;
3 e 2 6 a Pe u
' Furthermore, ‘1‘1 depends on grad p and grad v only through their inner
a ]
products gradp - gradp, gradp - grad v, grad v - grad v , 3
a b a b a b
S _m, :
C. 98 7 02 . (6.45)
8 _ .8
d. 2k - pﬂ%(ak AR (6.46)
2 2
% s . ¥
* -
These results reduce to those of Muller { 3] in the case where both 4
continua are ordinary fluids. I have corrected a minor printer's error in g
result b, 3
-18- #1391 g
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where, as before, the superscript ® denotes the symmetric part of
the indicated tensor.

9 - :
(a(g'ad P) [Q Pa‘p ]) ‘9.' (6.48)

Here (6.44) has been used.

g. Again, I revert to Cartesian components.

3y 2% a¢ 9%, s
I i k k_ 1)
(pp? & ) =0 (6.49)
1 %,k 1y “’m LN 3?11 ’
N 3%, 9 9%, 8
(pp 9 3 I ] aak - BDk ) 2 =0, (6.50)
2 %,k anklv o 2oy

where the superscript S1j denotes the symmetric part with respect to

i and J§.
%, , 1
h. 3%- }, + % a(gmd v) , (6.51)
53 S .

sh = —-——+ dpkvy . (6.52)
2 _%  a(grad ;) 2222
9

L. Gigrad v) (¢ - pwlu]) (6.53)

a

where in deriving (6.53), (6.51) and (6. 52) have been used.

j. § is independent of grad 50 .
2
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I note that

E

Furthermore
dingzpdiv(;c-g)-Pg-gradp,
22 2 2 2 2 (6.55)
=ptrD-ptrD +u-gradp.
2 2 2 2 2
_ However, by (5. 22)
1 ptrgspltrg+ptr§+g-gradp;+g'gradp. (6.56)
F 1 2 2 1 T2 2
Substituting ,".56) intc (6.55) and taking (1.5) into account, I
obtain
g Py g
% tvpu= 12(tr‘_'-trlg)-'gv‘.x"gractp
22 P 2 1 P: 1
p (6.57)
] +1 u-gradp.
P 2

Substitution of (6,54), and-(6.57) into (6.42) yields the

1 “sidual inequality

#1391




& $
paﬂ’-g-gradp-—i-gradp-r-tr(z-2T)u®gradp-
dp 3p p =
: 1 1 1 e ] 1
1 1.
-2 2
= %kv” = u. gradp +
22 P 1
)
+P*’§‘£ B’gradp"g'gfadp‘Pitr(I-ET)uggradp+
2 2 2 2 e 2 2
3 A
~2
+9kv" =y . grad p +
22 P32 2

; a1
. ~— .
dlgrad p) * 2 IR+ p3 T h—r - grad p (ir )

- tr -D+apu.Du+af’-tr('r-zr)o+atri”g-
T T e - a1 11
1 {6.58}
~2 8
- dkv —— trD 4
22 P 1
+pp!3“62trD+p§";_'§.L‘—-'Dgtadp'f'p'.?‘L-"qtadp(trD)*‘
ap = {grad p) ~ ol{grad p) >
2 2 2 2 2 2
}EA 2 < 2 o
) < P
+tr£ Q+ﬁpg-Qg_+§2tr(z—2‘2)9«&5&29*53‘”'1_%"12‘
~2 o2 2z 8 a2 22 22 P 2
o a 33 T ~
- tr[(-é+ IT)Q] + {-—§ ~g+XTu+h(v-¥)] - grad ¢ -
~ 1 6 a 1]

v ~ " av v -

Q
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The cconsequences of resuits a. - f. may be investigated by
standard methods and constitute generalizations of known results (see,
e.g., { 3]) for a mixture of two constituents to the case where one of
the components is a granular material. In particular a. and b. indicate

that the Helmholtz free energy, in addition to being independent of peculiar

stretchings D, the relative spin @, and the coldness gradient, grad §, is

a
independe:it of the peculiar volume distribution velocities v. Furthermore

a

its dependance on diffusion velocities is made explicit by (6.44). Result
c. ls a familiar relation from thermodynamics, but result d. is new.
Results h, generalize analogous results of Goodman and Cowin indicating,
as might bas expected, a contribution tc peculiar equilibrated stress due to
diffusion. Result g. constitutes a set of restrictions on the forms of

the entropy flux and Helmholtz free energy. The restrictions imposed

by the famiilar relations e, and f., and the new relation i. are easily made
explicit by a method dque tc Miller. Solving these equations, I obtain, in

Cartesian tensor notation,

&, - tpbv, =
i ZII

+i

!

v o+ A )8 .
itk )

{A p v + A P ' &
Inkl l’j },k iijk ij 1}} 1 5 v)

+ 5 v + A v  +T + A
SIS N RS TR RS AN AR

#1391
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¢1+ﬁ“hvi“Auk1 R nkpn , ik

1 }

2’

VU+A + A
T SRR SRR

gl

Here the coefficients A, I', Aare skewl'inka“ll indices, are independent

1 -

of grad 9, and a subscript 1 or 2 indicates independence of' grad p

. ]
and grad v or grad p and grad ¥, respettively. :
1 2 2 3
It follows that
pdY; = (Azijkp,jv . ‘/;ij;, j j g A) :
(6.61)

Equations (6.59) - (6.61) may be used to derive a more explicit
form for fg by straightforward addition and substitution. Furthermore,
the functions A, A,I" may be recognized as combinations of the derivatives
of p0¢13 with respect to grad p, grad v and the values of these

a ]
derivatives with one or more of the parameters vanishing. Finally, it

may be recalled that d"I and § depend on grad p , grad v and grad 3
a a
only through their inner products, thus yielding an alternative form for by

All of these results involve straightforward calculations and yield somewhat

complicated results. Since they are not needed in their full generality in

the following sections, they are not recorded here.
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7. Equilibrium

Let

X, = {gradp, D, 2, orad 9, ¥, gradv, v} . (7.1)
a a e Qa

if XA = 0, the mixture is said to be in equilibrium. Let the entropy

production ¢ be the left-hand side of (6.58), so that inequality is

c>0. (7.2)

Then ¢ has a minimum at equilibrium, Necessary condtions for this are

B

2o a x, =0, .3)
A
820 ;
aan , is non-negative definite at XA =0, (7.4) 4
3
By (2. 25)1 and (6,.59) - (6.61), consequences of (7. 3) are
5 i
o = 0, {7.5) 3
E o
s 9% ;
'82:19pp‘g-¢'1-—$5-8p1, (7.6) ]
p~ 9V ~ ]
1 1 \ ~ 1 3
5 3¢ ;
8T=ﬂpp§l‘kl + *g's—epl s (7.7) ?
> op ~ 9V ~
2 2 ~ 2 E
2
a
:.!.: = Q P (708)
1 9
g=0, (7.9)
4
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+
m=0, (7.10)
3 1
)
-'T" = 0, (7.11) )
= a
8y % 5
Pg = =Py, " PV, (7.12)
11 1
1
+
pg = -p oL + oV, (7.13)
22 1
2
- where all quantities are evaluated at equilibrium,
Equations (7.5) - (7.10) are familiar results from the thermostatics i
of a mixture of two ordinary fluids, and have been commented upon
extensively by Miller [ 3]. Unlike the single component granular material
of Goodman and Cowin, a mixture of a granular materizl and a fluid is
incapable of sustaining a shear stress in equilibrium, The results (7.12)
and (7.13) are analogous to those obtained in elasticity theory, stating
)
1 that the intrinsic body forces are derived from the Helmholtz free energy 1
E
and the growth of equilibrated force.

8. A Linear Theory

Consider an expansion about equilibrium, linear in X, as defined

A
by (7.1) of the quantities , §, T, rﬁz h, 3, g.
¢ 1 a 1 «a

By results a. and b. in Section 6

Y =\MPO’ p, grad p , 38, k, v,grad v). (8.1)
2 4 a 2 G o
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However, by the assumution of frame-indiffurence, ¢ depends on grad p
b1

and grad v through theil inner products, which are nonlfnear. Thus

Il dddutrolics st alinidet s it b ik sl il

g = % grad & - ::_“Kp grad p- K¥ - Tk, gred v,

a
E $ =L',J(PO; Py Py '8; k, v, Vi, {8.2)
] 2- 1 2 2 1 2
+
By {6.10}, linear represrntations for q, m, and ¢ are
y 1
(8.3
a a a a
: +
m=-m_grad 9-Zm gradp-m. v -Zm gradv, (8.4)
! i T aP 8 D~ g Q
$:~ grad 3 - TK gradp- K v -TK gradv, (8.4)
2= aP s O o’ 8

1 where the coefficients are functions cof Por P 3, k, v, v. The representa-
AR 2 6 @

tion (8.5) for ¢ is further restricted by (6.47), (6.48), (6.53) and (8. 2).

LA T g 21 A ) FALLLY X, 2t Y
EEE N Y k.
N LS B RS ALAL A 1L LFY Led Ay JJ.LL&...;LMJJ“ Wisd

a [

I FRIINTITN

Straightforward computation ieads to the conclusion that '(T , I(P » K,

vanish, giving

(8.6)

P bt bl o lod 02 ol 4 A ol

In this case (6.49) and {6.50) are satisfied {Gentically, It is seen that,
unlike the spezial case of a single granular material of Goodman ana

Cowin [ 2], the entropy flux does not have the classical form of the heat

O i R0 s ot S o,

flux muitiplied by the coldness. It is in addition affected by the diffusion
velocity, with coefficient depending on density, volume distribution and

its velocity, coldness, and equiiibrated inertia.
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There iz, furthermore, a .. recentation for equilibrstad siress

h deris3d from {£.10), However, hh are obtained fiom & 25 given by
n ﬂ L

{8.6)and & as given by (8.2), An easy computation yisids

\9}; =~ "1’9 x Y ‘8.7)
-~ 8y
i
1
K. e
sh = - RN S (8.8)
5 av [
2 > 2

Thus the equilibrated stress vanishes when the diffusion velocity vanishes,

+
B, (6.11) and (6.12), representations for T, v and g are

8 1 o
a
T =-pQ , 8.9)
1
S so .
T-I =ZIN v+ £trD) + 229 D, {8.10)
g a abbd ab b 8b 9
4+ 4 -
v-v? sy +tutrD), (8.11)
1 1 ga @ &
g-¢°=F(L v+ 6 trD), {8.12)
a g abbd ab b

where superscript ° denctes values in equilibrium,
Inserting (8. 3) - {6.12) into (6.58), and noting (7.2) - (7.13}, T obtain

the following restrictions . the coefficients in t'.« linear theory:
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Bl mmJ

K. =-3 _3_\11_“6
D P‘; 9p e’
e 1 . ]
KD-Gpp %‘k-& 8p ,
2 g 2
kKp2 G,
“‘=0, kK =0, :
¥ 2P
o¥
) )
8 =~ - 8 ——kk
Ple ™ o 0 e
" i i
2 4
fpm = - w4 dp 2 (8.13)
Por 3 e
. i 2
£20, 8 >0, ¢ £ -4 (s 6V 20,
11 22 i 22 "1z iz
1

z
120,020, n 2(1tn) 20,

il 22 1 22 12 21

p20,
ZﬁmD__O,
Pp Pp
8K K
2 (29pm_) > B, + dpm &-2'--1)'3 D, + dpm +3~1—)
“T D'~ 59 D T dp'88 D T 9p "

Finaily, the determinant
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g nw‘uu,ylw

A ™ Y - s
e e S R A

28 £+ ¢ N+8-pp A+ 6+ pp
11 12 21 nn 1 12 22 1
£+ ¢ 2t N+ 6 - A+ b+ pp i
12 2 22 21 12 2 22 22 2 F
X+6-pp. )\+5-pp. 2(§~pu) ¢+ §+p(U-U)
VD 21 12 2 o1 12 21 21
A+56+pp A+ 5 +pp L + 0+ p(v-v) 2(L + pv)
12 1 22 22 2 12 21 2 1 22 2
(8.14)

must be positive semi-definite. The restrictions (8.13) are classical

restrictions for a mixture of two fluids as given by Miller, The

inequalities (8.14) include (8.13)7 but are otherwise new to this

theory.

The forin of the entropy flux ¢ in the linear theory can be found.

~

By (8.13)1 >
?

e p

B} By By 2 .2
r = 9 - +Ep - . 8.15
Kn X{‘;f,_‘ap vl (Px; p;_‘;)] (8.15)

1 2
Substituting {6.23), (7.6) and (8,6) into {5.12), and comparing with (8.,15)

substituted into (8.6) aives

8K

o =9g - ovipp (2L _2, D5 Sy (8.16)
= 12 % %%y,

This generalizes Muller's (7. 21).
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